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REPRESENTABLE AND CONTINUOUS
FUNCTIONALS ON BANACH QUASI *-ALGEBRAS
MARIA STELLA ADAMO AND CAMILLO TRAPANI
Abstract: In the study of locally convex quasi *-algebras an im-
portant role is played by representable linear functionals; i.e., func-
tionals which allow a GNS-construction. This paper is mainly devoted
to the study of the continuity of representable functionals in Banach
and Hilbert quasi *-algebras. Some other concepts related to repre-
sentable functionals (full-representability, *-semisimplicity, etc) are re-
visited in these special cases. In particular, in the case of Hilbert quasi
*-algebras, which are shown to be fully representable, the existence of a
1-1 correspondence between positive, bounded elements (defined in an
appropriate way) and continuous representable functionals is proved.
1. Introduction
The main subject of this paper is the study of a class of linear func-
tionals on a normed quasi *-algebra (A,A0) called representable func-
tionals [24, 5]. For short, they are exactly the linear functionals for
which a GNS-like construction is possible. As well as for the case of
Banach *-algebras, a certain amount of information on the structure of
a Banach quasi *-algebra can be obtained from the knowledge of the
properties of the family of its *-representations. It is peculiar of this
framework the need of enlarging the family of representations under
consideration: in fact, in the theory of Banach *-algebras, representa-
tions take usually values in the C*-algebra B(H) of bounded operators
in some Hilbert space H; in the case of a locally convex quasi *-algebra
(A,A0), also unbounded representations are called on the stage. A *-
representation of (A,A0) is, in fact, a *-homomorphism pi of (A,A0) into
the partial *-algebra L†(D,H) of closable linear operators defined on a
dense domain D of Hilbert space H. A *-representation of a normed or
Banach quasi *-algebra may be unbounded in the sense that for some
a ∈ A, pi(a) can be a true unbounded operator in H [1].
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From an historical point of view, the main motivation for theses
studies comes from applications. In fact, quasi *algebras were intro-
duced in the early 1980’s by G. Lassner [20, 21], for dealing with certain
quantum physical models which do not fit into the celebrated algebraic
approach of Haag and Kastler [18] to quantum statistical physics and
quantum field theory; see also [1, 9, 27].
However since then many aspects of the theory have been inves-
tigated from a pure mathematical point of view (see, for instance,
[1, 3, 8, 12, 16, 17, 19, 24]) and several new notions have been intro-
duced (e.g., full representability, full closability and *-semisimplicity).
In this paper, we examine some of these concepts and the interplay
between them in the case of a Banach quasi *-algebra. We devote a
particular attention to Hilbert quasi *-algebras which arise as comple-
tions of Hilbert algebras under the norm defined by their own inner
product.
Going into details, in Section 2 we recall some definitions, prop-
erties and preliminary results needed for the work we are going to
develop. Section 3 is mainly devoted to examine the question as to
whether a representable functional on a Banach quasi *-algebra (A,A0)
is continuous. In particular, we prove that every continuous and rep-
resentable functional on a Banach quasi *-algebra is uniformly repre-
sentable which, roughly speaking, means that they satisfy a sort of
Hilbert boundedness. Then, we study the sesquilinear forms associ-
ated to a representable and continuous functional and we prove that
they are necessarily everywhere defined and bounded. Thus in this
case, the condition of full representability [17] depends only on the
sufficiency of this set of functionals, in the sense that this family of
functionals separates points of (A,A0). In [4] it was shown that for a
*-semisimple Banach quasi *-algebra this set of functionals is sufficient.
Thus a *-semisimple Banach quasi *-algebra is fully representable and
the converse is true under an additional condition of positivity (called
(P ) in the text), which is satisfied in many interesting examples.
In Section 4 we focus on Hilbert quasi ∗−algebras (which are proved
to be always fully representable) and, in particular, we characterize
representable and continuous functionals on them. These functionals
are in 1-1 correspondence with bounded and positive elements of the
Hilbert quasi *-algebra (Proposition 4.8 and Definition 4.13). We show
that our definition is a generalization of the notion given in [17] and we
study conditions under which these two notions coincide and, again, the
condition of positivity (P) plays a role for their equivalence. Moreover,
if the Hilbert quasi *-algebra has a unit, the set of all bounded elements
is a C*-algebra with respect to a weak multiplication on the Hilbert
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quasi *-algebra. This weak multiplication makes the Hilbert quasi *-
algebra under consideration into a partial O*-algebra [1].
Finally, in Section 5 we discuss the problem of continuity of repre-
sentable functionals in the case where A is the Hilbert space of square
integrable functions.
2. Preliminaries and basic results
Definition 2.1. A partial ∗−algebra is a C−vector space A equipped
of an involution x 7→ x∗, x ∈ A, and a subset Γ ⊂ A × A with the
following properties:
(i) (x, y) ∈ Γ if, and only if, (y∗, x∗) ∈ Γ;
(ii) if (x, y) ∈ Γ and (x, z) ∈ Γ, then (x, λy + µz) ∈ Γ for every
λ, µ ∈ C;
(iii) for every (x, y) ∈ Γ there exists an element x · y ∈ A with
following the properties:
(1) x · (y + λz) = x · y + λ(x · z) and
(2) (x · y)∗ = y∗ · x∗
for every (x, y), (x, z) ∈ Γ and λ ∈ C.
Example 2.2. Let H be a Hilbert space with inner product 〈·|·〉 and
let D be a dense linear subspace of H. We denote by L†(D,H) the set
of all closable operators X in H such that the domain of X is D and
the domain of the adjoint X∗ contains D, i.e.
L†(D,H) = {X : D → H : D(X) = D,D(X∗) ⊃ D} .
L†(D,H) is a C−vector space with the usual sum X + Y and scalar
multiplication λX for every X, Y ∈ L†(D,H) and λ ∈ C. If we define
the following involution † and partial multiplication 
X 7→ X† ≡ X∗ ↾D and XY = X†∗Y
defined whenever X is a left multiplier of Y (or Y a right multiplier of
X), i.e. YD ⊂ D(X†∗) and X†D ⊂ D(Y ∗), then L†(D,H) is a partial
*-algebra. In L†(D,H) several topologies can be introduced (see, [1]).
Here, we will use only the weak- topology t
w
defined by the family of
seminorms
pξ,η(X) = 〈Xξ|η〉, ξ, η ∈ D.
A partial O*-algebra is a †−invariant subspace M of L†(D,H) such
that XY ∈M whenever X, Y ∈M and X is a left multiplier of Y .
We denote by L†(D) the subset of elements X of L†(D,H) such that
XD ⊆ D and X†D ⊂ D. Then L†(D) is a *-algebra with respect to the
the weak multiplication  and one has, in particular (XY )ξ = XY ξ,
for every ξ ∈ D.
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If M is a †-invariant family of operators of L†(D,H) the weak com-
mutant (M,D)′w of M is defined as follows
(M,D)′w = {B ∈ B(H) : 〈BXξ|η〉 = 〈Bξ|X†η〉, ∀X ∈M, ξ, η ∈ D}.
(M,D)′w is stable under involution and it is weakly closed, but it is not
an algebra, in general.
Definition 2.3. A quasi *–algebra (A,A0) is a pair consisting of a
vector space A and a *–algebra A0 contained in A as a subspace and
such that
(i) A carries an involution a 7→ a∗ extending the involution of A0;
(ii) A is a bimodule over A0 and the module multiplications extend
the multiplication of A0. In particular, the following associative
laws hold:
(xa)y = x(ay); a(xy) = (ax)y, ∀ a ∈ A, x, y ∈ A0;
(iii) (ax)∗ = x∗a∗, for every a ∈ A and x ∈ A0.
Remark 2.4. Every quasi *-algebra (A,A0) is a partial *-algebra: (x, y) ∈
Γ if, and only if, x ∈ A0 or y ∈ A0.
A quasi *-algebra (A,A0) is unital if there is an element e ∈ A0, such
that ae = a = ea, for all a ∈ A; e is unique and called the unit of
(A,A0).
Definition 2.5. A *-representation of a quasi *-algebra (A,A0) is a
*-homomorphism pi : A → L†(Dpi,Hpi), where Dpi is a dense subspace
of the Hilbert space Hpi, with the following properties:
(i) pi(a∗) = pi(a)† for all a ∈ A;
(ii) if a ∈ A and x ∈ A0, then pi(a) is a left multiplier of pi(x) and
pi(a)pi(x) = pi(ax).
A *-representation pi of (A,A0) is called a qu*-representation if pi(A0) ⊂
L†(Dpi).
A *-representation pi is faithful if a 6= 0 implies pi(a) 6= 0. pi is cyclic
if pi(A0)ξ is dense in Hpi for some ξ ∈ Dpi. If (A,A0) has a unit e, we
suppose that pi(e) = ID, the identity operator of D.
The closure pi of a *-representation pi of the quasi *-algebra (A,A0)
in L†(Dpi,Hpi) is defined as
pi : A→ L†(D˜pi,Hpi), a 7→ pi(a)↾D˜pi
where D˜pi is the completion of Dpi with respect to the graph topology,
i.e. the topology defined by the seminorms η ∈ Dpi 7→ ‖pi(a)η‖ for every
a ∈ A. A *-representation pi is said to be closed if pi = pi.
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Definition 2.6. Let (A,A0) be a quasi *-algebra. A linear functional ω
on a A is said to be representable if it satisfies the following conditions:
(L.1) ω(x∗x) ≥ 0, ∀x ∈ A0;
(L.2) ω(y∗a∗x) = ω(x∗ay), ∀x, y ∈ A0, ∀a ∈ A;
(L.3) ∀a ∈ A, there exists γa > 0 such that
|ω(a∗x)| ≤ γaω(x∗x)1/2, ∀x ∈ A0.
The family of representable functionals is denoted by R(A,A0).
Remark 2.7. The following statements are easily proved.
(a) If ω1, ω2 ∈ R(A,A0), then ω1 + ω2 ∈ R(A,A0) as well as λω1 ∈
R(A,A0), for every λ ≥ 0.
(b) If ω ∈ R(A,A0) and z ∈ A0, then the linear functional ωz,
defined by
ωz(a) := ω(z
∗az), a ∈ A,
is representable.
(c) If (A,A0) has a unit e and ω ∈ R(A,A0) is such that ω(x) = 0,
for every x ∈ A0, then ω ≡ 0.
Theorem 2.8. [24, Theorem 3.5] Let (A,A0) be a quasi *-algebra with
unit e and let ω be a representable linear functional on (A,A0). Then,
there exists a (closed) cyclic *-representation piω of (A,A0), with cyclic
vector ξω, such that
ω(a) = 〈piω(a)ξω|ξω〉, ∀a ∈ A.
This representation is unique up to unitary equivalence.
As in [24, Definition 2.1], given a quasi *-algebra (A,A0), we denote
by QA0(A) the set of all sesquilinear forms on A× A such that
(i) ϕ(a, a) ≥ 0 for every a ∈ A.
(ii) ϕ(ax, y) = ϕ(x, a∗y) for every a ∈ A and x, y ∈ A0
Finally, we recall that a Hilbert seminorm on a vector space V is a
seminorm p satisfying
p(a+ b)2 + p(a− b)2 = 2p(a)2 + 2p(b)2, ∀a, b ∈ V.
With these definitions we can characterize representable functionals
as follows.
Proposition 2.9. Let (A,A0) be a quasi *-algebra with unit e and
ω a linear functional on A satisfying (L.1) and (L.2). The following
statements are equivalent.
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(i) ω is representable.
(ii) There exist a *-representation pi defined on a dense domain Dpi
of a Hilbert space Hpi and a vector ζ ∈ Dpi such that
ω(a) = 〈pi(a)ζ|ζ〉, ∀a ∈ A.
(iii) There exists a sesquilinear form Ωω ∈ QA0(A) such that
ω(a) = Ωω(a, e), ∀a ∈ A.
(iv) There exists a Hilbert seminorm p on A such that
|ω(a∗x)| ≤ p(a)ω(x∗x)1/2, ∀x ∈ A0.
Proof. (i) implies (ii) by Theorem 2.8. Suppose now that (ii) holds and
define:
Ωω(a, b) = 〈pi(a)ζ|pi(b)ζ〉, a, b ∈ A.
It is then easy to check that Ωω has the desired properties. This proves
(iii).
Now suppose that (iii) holds and define p(a) = Ωω(a, a)1/2. Then
(iv) follows immediately from the Cauchy-Schwarz inequality.
Finally suppose that (iv) holds. Then, clearly
|ω(a∗x)| ≤ p(a)ω(x∗x) 12 ≤ γaω(x∗x)1/2
where, for instance, γa := (1 + p(a)
2)
1/2
. Hence, ω is representable. 
Remark 2.10. Once the GNS representation piω associated to ω ∈
R(A,A0) we can write the condition in (iv) of Theorem 2.9 as follows
|ω(a∗x)| ≤ (1 + ‖piω(a)ξω‖2)1/2ω(x∗x)1/2, ∀a ∈ A, x ∈ A0.
Let now (A,A0) be a quasi *-algebra with unit e and ω ∈ R(A,A0).
Let Nω = {x ∈ A0 : ω(x∗x) = 0} and Hω the Hilbert space completion
of A0/Nω with respect to the inner product
〈λω(x)|λω(x)〉 = ω(y∗x), x, y ∈ A0,
where λω(x) = x + Nω. Hω is nothing but the carrier space of the
GNS representation constructed in [24]. For every a ∈ A, the linear
functional Fa on λω(A0) defined by
Fa(λω(x)) = ω(a
∗x), x ∈ A0
is well-defined and bounded by (L.3). Hence there exists a unique
ξ(a) ∈ Hω such that
Fa(λω(x)) = ω(a
∗x) = 〈λω(x)|ξ(a)〉, ∀x ∈ A0.
We define a linear map Tω : A → Hω by Tωa = ξ(a), a ∈ A. Then we
have
ω(a) = 〈Tωa|ξω〉, ∀a ∈ A,
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where ξω = λω(e) is the cyclic vector of the GNS representation asso-
ciated to ω. Then, we can state the following
Proposition 2.11. Let (A,A0) be a quasi *-algebra with unit e and
ω ∈ R(A,A0). Then there exists a linear operator Tω : A → Hω such
that
ω(a) = 〈Tωa|ξω〉, ∀a ∈ A,
where ξω is the cyclic vector of the GNS representation associated to ω.
To every ω ∈ R(A,A0) we can associate two sesquilinear forms which
are useful for our discussion. The first one Ωω, already introduced in
(iii) of Proposition 2.9, can be defined through the GNS representation
piω, with cyclic vector ξω. In fact, we put
(2.1) Ωω(a, b) = 〈piω(a)ξω|piω(b)ξω〉, a, b ∈ A.
As we have seen Ωω ∈ QA0(A) and ω(a) = Ωω(a, e), for every a ∈ A.
The second sesquilinear form, which we denote by ϕω, is defined only
on A0 × A0 by
(2.2) ϕω(x, y) = ω(y
∗x), x, y ∈ A0.
It is clear that Ωω extends ϕω. It is easy to see that
(i) ϕω(x, x) ≥ 0, for every x ∈ A0.
(ii) ϕω(xy, z) = ϕω(y, x
∗z) for every x, y, z ∈ A0.
We define a partial order in R(A,A0) as follows. If ω, θ ∈ R(A,A0)
we say that ω ≤ θ if Ωω(a, a) ≤ Ωθ(a, a), for every a ∈ A.
By a slight modification of standard arguments (see, e.g., [1, Propo-
sition 9.2.3]), one can prove the following
Proposition 2.12. Let ω, θ ∈ R(A,A0) and let piω denote the GNS-
representation associated to ω. If θ ≤ ω, there exists an operator S ∈
(piω(A),Dpi)′w, with 0 ≤ S ≤ I, such that
Ωθ(a, b) = 〈piω(a)ξω|Spiω(b)ξω〉, ∀a, b ∈ A.
For future use we give the following
Lemma 2.13. Let ω, θ ∈ R(A,A0) with ω ≤ θ. Then θ−ω ∈ R(A,A0).
Proof. The conditions (L1) and (L2) are obviously satisfied. We check
(L3). For every a ∈ A and x ∈ A0, using the Cauchy-Schwarz inequality
for the positive sesquilinear form Ωθ − Ωω, we get
|(θ − ω)(a∗x)| = |(Ωθ − Ωω)(a∗x, e)| = |(Ωθ − Ωω)(x, a)|
≤ (Ωθ − Ωω)(x, x)1/2(Ωθ − Ωω)(a, a)1/2
= (θ − ω)(x∗x)1/2(Ωθ − Ωω)(a, a)1/2
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
Definition 2.14. A quasi *-algebra (A,A0) is called a normed quasi
*-algebra if a norm ‖ · ‖ is defined on A with the properties
(i) ‖a∗‖ = ‖a‖, ∀a ∈ A;
(ii) A0 is dense in A;
(iii) for every x ∈ A0, the map Rx : a ∈ A → ax ∈ A is continuous
in A.
If (A, ‖ · ‖) is a Banach space, we say that (A,A0) is a Banach quasi
*-algebra. The norm topology of A will be denoted by τn.
The continuity of the involution implies that
(iii’) for every x ∈ A0, the map Lx : a ∈ A → xa ∈ A is continuous
in A.
If x ∈ A0, we put
‖x‖0 := max
{
sup
‖a‖≤1
‖ax‖, sup
‖a‖≤1
‖xa‖
}
.
Then,
‖ax‖ ≤ ‖a‖‖x‖0, ∀a ∈ A, x ∈ A0;
‖x∗‖0 = ‖x‖0, ∀x ∈ A0.
A Banach quasi *-algebra (A,A0) is called a proper CQ*-algebra if
A0[‖ · ‖0] is a C*-algebra.
Example 2.15. Easy examples of Banach quasi *-algebras are provided
by Lp-spaces both in the commutative case and in the noncommutative
one; see, e.g., Example 3.3 and Section 5 below, and [10].
If (A,A0) is a normed quasi *-algebra, we denote by Rc(A,A0) the
subset of R(A,A0) consisting of continuous functionals. As shown in
[17], if ω ∈ Rc(A,A0), then the sesquilinear form ϕω defined in (2.2),
is closable; that is, ϕω(xn, xn)→ 0, for every sequence {xn} ⊂ A0 such
that
‖xn‖ → 0 and ϕω(xn − xm, xn − xm)→ 0.
In this case, ϕω has a closed extension ϕω to a dense domain D(ϕω)
containing A0. Thus, a natural question arises: under which conditions
one gets the equality D(ϕω) = A? An answer to this question will be
given in Proposition 3.6.
Consider now the set
AR :=
⋂
ω∈Rc(A,A0)
D(ϕω).
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If Rc(A,A0) = {0}, we put AR = A. Note that, if for every ω ∈
Rc(A,A0), ϕω is jointly continuous with respect to the topology τn
defined by the norm ‖ · ‖, we get AR = A.
Set
A
+
0
:=
{
n∑
k=1
x∗kxk, xk ∈ A0, n ∈ N
}
.
Then A+
0
is a wedge in A0 and we call the elements of A
+
0
positive
elements of A0. As in [17], we call positive elements of A the members
of A+0
τn
. We set A+ := A+0
τn
.
Definition 2.16. A family of positive linear functionals F on (A[τn],A0)
is called sufficient if for every a ∈ A+, a 6= 0, there exists ω ∈ F such
that ω(a) > 0.
Definition 2.17. A normed quasi ∗-algebra (A[τn],A0) is called fully
representable if Rc(A,A0) is sufficient and AR = A.
Remark 2.18. If (A,A0) has a unit e, the condition of sufficiency
required in Definition 2.17 joined with the following condition of posi-
tivity
(P)
a ∈ A and ωx(a) ≥ 0 for every ω ∈ Rc(A,A0) and x ∈ A0 ⇒ a ≥ 0
tells us that ω(a) = 0 for every ω ∈ Rc(A,A0) implies a = 0.
We denote by SA0(A) the subset of QA0(A) consisting of all contin-
uous sesquilinear forms Ω : A× A→ C such that
|Ω(a, b)| ≤ ‖a‖‖b‖, ∀a, b ∈ A.
By defining
‖Ω‖ = sup
‖a‖=‖b‖=1
|Ω(a, b)| ,
one obviously has ‖Ω‖ ≤ 1, for every Ω ∈ SA0(A).
Definition 2.19. A normed quasi *-algebra (A[τn],A0) is called *-
semisimple if, for every 0 6= a ∈ A, there exists Ω ∈ SA0(A) such that
Ω(a, a) > 0.
Definition 2.20. Let (A[τn],A0) be a normed quasi *-algebra. Let
a ∈ A and consider the left regular representation La : A0 → A defined
as La(x) = ax. If La is closable, for every a ∈ A, then the normed
quasi *-algebra (A[τn],A0) is said to be fully closable.
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Remark 2.21. The left regular representation in general is not contin-
uous on A0[τn]. The right regular representation Ra : A0 → A with
Ra(x) = xa is closable, for every a ∈ A if, and only if, La is closable,
for every a ∈ A.
3. Continuity and full representability
In this section we will investigate on the continuity of representable
linear functionals on (A,A0).
Theorem 3.1. Let (A,A0) be a Banach quasi *-algebra. The following
statements are equivalent.
(i) Every ω ∈ R(A,A0) is bounded; i.e., R(A,A0) = Rc(A,A0).
(ii) Every *-representation pi of (A,A0) is weakly continuous from
A[‖ · ‖] into L†(Dpi,Hpi)[τw].
(iii) For every ω ∈ R(A,A0), ω 6= 0, there exists a nonzero θ ∈
Rc(A,A0) such that θ ≤ ω.
Proof. (i) ⇒ (ii): Let pi be a *-representation of (A,A0). Then, for ev-
ery ξ ∈ Dpi the linear functional ω(a) = 〈pi(a)ξ|ξ〉 is representable and,
therefore bounded. This easily implies that pi : A[‖·‖]→ L†(Dpi,Hpi)[τw]
is continuous.
(ii) ⇒ (iii): Let ω ∈ R(A,A0) and piω the corresponding GNS-
representation (which is weakly-continuous by assumption) with cyclic
vector ξω. Then for every ξ, η ∈ Dω there exists γξ,η > 0 such that
|〈piω(a)ξ|η〉| ≤ γξ,η‖a‖, ∀a ∈ A.
In particular, for the cyclic vector ξω, we have
|ω(a)| = |〈piω(a)ξω|ξω〉| ≤ γξω,ξω‖a‖, ∀a ∈ A.
Then (iii) holds with the obvious choice of θ = ω.
(iii)⇒ (i): By the assumption, the set Kω = {θ ∈ Rc(H,A0) : θ ≤ ω}
is a nonempty partially ordered (by ≤) set. LetW be a totally ordered
subset of Kω. Then
lim
θ∈W
θ(a)
exists for every a ∈ A. Indeed, the set of numbers {Ωθ(a, a); θ ∈ W}
is increasing and bounded from above by Ωω(a, a). We set, for every
a ∈ H,
Λ(a, a) = lim
θ∈W
Ωθ(a, a).
Then Λ satisfies the equality
Λ(a+ b, a + b) + Λ(a− b, a− b) = 2Λ(a, a) + 2Λ(b, b), ∀a, b ∈ A,
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hence we can then define Λ on A × A using the polarization identity.
It is readily checked that Λ ∈ QA0(A).
Now we put ω◦(a) = Λ(a, e). Then, ω◦(a) = limθ∈W θ(a). We now
prove that ω◦ ∈ R(A,A0). It is clear that ω◦ is a linear functional on A
and ω◦ ≤ ω. The conditions (L1) and (L2) are obviously satisfied. We
prove (L3). Let a ∈ A and x ∈ A0. Then, taking into account Remark
2.10,
|ω◦(a∗x)| = lim
θ∈W
|θ(a∗x)| ≤ lim
θ∈W
(1 + Ωθ(a, a))1/2 lim
θ∈W
θ(x∗x)1/2
≤ (1 + Λ(a, a))1/2ω◦(x∗x)1/2.
We show now that ω◦ is bounded. For every a ∈ H the set {|θ(a)|; θ ∈
W} is bounded; indeed, for every θ ∈ W, we get
|θ(a)| = |Ωθ(a, e)| ≤ Ωθ(a, a)1/2Ωθ(e, e)1/2 ≤ Ωω(a, a)1/2Ωω(e, e)1/2.
By the uniform boundedness principle, we conclude that there exists
γ > 0 such that |θ(a)| ≤ γ‖a‖, for every θ ∈ W and for every a ∈ H.
Hence,
|ω◦(a)| = lim
θ∈W
|θ(a)| ≤ γ‖a‖, ∀a ∈ H.
Then, W has an upper bound. Then, by Zorn’s lemma, Kω has a
maximal element ω•. It remains to prove that ω = ω•. Assume, on
the contrary that ω > ω•. Let us consider the functional ω − ω•,
which is nonzero and representable by Lemma 2.13. Then, there exists
σ ∈ Rc(A,A0) such that ω−ω• ≥ σ. Hence, ω ≥ ω• + σ, contradicting
the maximality of ω•. Then ω = ω• and, therefore, ω is continuous. 
Remark 3.2. The equivalence of (i) and (ii) of the previous theorem
holds also in the case when (A,A0) is only a normed quasi *-algebra.
The proof of (iii)⇒ (i) is inspired by a well known result of the theory
of Banach *-algebras [15, Lemma 5.5.5].
Example 3.3. Let us consider the Banach quasi *-algebra (actually, a
proper CQ*-algebra) (Lp(I, dλ), C(I)) where I is a compact interval
of the real line and λ the Lebesgue measure. For 1 ≤ p < 2 (see
[7, 17]), the sole representable and continuous functional is the trivial
one. Going over the threshold p = 2, these Banach quasi *-algebras
are fully representable, thus we have a so huge amount of representable
and continuous functionals to separate their points.
In general, a continuous functional ω satisfying (L1) and (L2) need
not satisfy (L3) and therefore it is not representable, as the next ex-
amples show.
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Example 3.4. Let us consider the Banach quasi *-algebra (L2(I, dλ), C(I))
(I and λ as in Example 3.3). Let h ∈ L2(I), h ≥ 0. We define
ω(f) =
∫
I
f(x)h(x)dλ(x), f ∈ L2(I).
It is clear that ω satisfies (L.1) and (L.2). Condition (L.3) requires
that, for every f ∈ L2(I), there exists γf > 0 such that∣∣∣∣∫
I
f(x)φ(x)h(x)dλ(x)
∣∣∣∣ ≤ γf (∫
I
|φ(x)|2h(x)dλ(x)
)1/2
, ∀φ ∈ C(I).
Since h(x) > 0 a.e., this inequality implies that f ∈ L2(I, hdλ). Were
L2(I, dλ) ⊆ L2(I, hdλ) then we should have that f√h ∈ L2(I, dλ), for
every f ∈ L2(I, dλ). This in turn implies that h ∈ L∞(I, dλ). So it
suffices to pick h ∈ L2(I, dλ) \ L∞(I, dλ) to get the desired example.
Example 3.5. Let D be a dense domain in a Hilbert space H and ‖ · ‖1
a norm on D, stronger than the Hilbert norm ‖ · ‖. Let B(D,D) denote
the vector space of all jointly continuous sesquilinear forms on D ×D,
with respect to ‖ · ‖1. The map ϕ→ ϕ∗, with
ϕ∗(ξ, η) = ϕ(η, ξ),
defines an involution in B(D,D) (see, [24, Example 3.8]).
We denote by L†(D) the *–subalgebra of L†(D) consisting of all
operators A ∈ L†(D) such that both A and A† are continuous from
D[‖ · ‖1] into itself.
Every A ∈ L†(D) defines a sesquilinear form ϕA ∈ B(D,D) by
ϕA(ξ, η) = 〈Aξ|η〉, ξ, η ∈ D.
B
†(D) = {ϕA : A ∈ L†(D)}.
It is easily seen that ϕ∗A = ϕA†, for every A ∈ L†(D).
For ϕ ∈ B(D,D), ϕA ∈ B†(D), the multiplications are defined as
(ϕ ◦ ϕA)(ξ, η) = ϕ(Aξ, η), ξ, η ∈ D
(ϕA ◦ ϕ)(ξ, η) = ϕ(ξ, A†η), ξ, η ∈ D.
With these operations and involution, (B(D,D),B†(D)) is a quasi *-
algebra. A norm on B(D,D) is defined by
‖ϕ‖ := sup
‖ξ‖1=‖η‖1=1
|ϕ(ξ, η)|.
Then the pair (B†(D),B†(D)), where B†(D) denotes the ‖ · ‖-closure of
B
†(D), is a Banach quasi*-algebra.
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For every ξ ∈ D, we define
ωξ(ϕ) = ϕ(ξ, ξ), ϕ ∈ B(D,D).
Then ωξ is a linear functional on B(D,D).
The functional ωξ is representable if, and only if, ϕ is bounded in the
first variable on the subspace Mξ = {Aξ;A ∈ L†(D)}. Hence, every
ωξ is continuous but it need not be representable.
As we mentioned before, if ω ∈ Rc(A,A0), then the form ϕω defined
in (2.2) is closable. For Banach quasi *-algebras this result can be
improved.
Proposition 3.6. Let (A,A0) be a Banach quasi *-algebra with unit
e, ω ∈ Rc(A,A0) and ϕω the associated sesquilinear form on A0 × A0
defined as in (2.2). Then D(ϕω) = A; hence ϕω is everywhere defined
and bounded.
Proof. Since ω is representable, there exists a Hilbert space Hω, a
linear map λω : A0 → Hω and a *-representation piω with values in
L†(λω(A0),Hω) such that
ω(y∗ax) = 〈piω(a)λω(x)|λω(y)〉, ∀a ∈ A, x, y ∈ A0.
Then, by the properties of the norm on (A,A0), for every a ∈ A and
x, y ∈ A0,
(3.1) |〈piω(a)λω(x)|λω(y)〉| = |ω(y∗ax)| ≤ γ‖a‖‖x‖0‖y‖0.
Now, consider the sesquilinear form Ωω defined in (2.1). As already
noticed, Ωω extends ϕω. It remains to show that Ω
ω is closable.
Suppose now that {an} is a sequence in A such that ‖an‖ → 0 and
Ωω(an − am, an − am) = ‖piω(an − am)ξω‖2 → 0. Then the sequence
piω(an)ξω converges to a vector ζ ∈ Hω. Thus,
〈piω(an)ξω|λω(y)〉 → 〈ζ |λω(y)〉, ∀y ∈ A0.
Using (3.1), we obtain ζ = 0. Hence Ωω(an, an)→ 0; i.e., Ωω is closable.
Thus Ωω is closed and everywhere defined, hence bounded. It is clear
that Ωω = ϕω. 
In a normed quasi-algebra it appears natural to strengthen a bit the
notion of representable functional as follows.
Definition 3.7. Let (A,A0) be a normed quasi *-algebra. We say that
ω ∈ R(A,A0) is uniformly representable if there exists γ > 0 such that
(3.2) |ω(a∗x)| ≤ γ‖a‖ω(x∗x)1/2, ∀a ∈ A, x ∈ A0.
The set of uniformly representable linear functionals is denoted by
Ruc (A,A0).
14 MARIA STELLA ADAMO AND CAMILLO TRAPANI
Proposition 3.8. Let (A,A0) be a Banach quasi *-algebra, ω ∈ R(A,A0)
and Tω the operator defined in Proposition 2.11. The following state-
ments are equivalent.
(i) ω ∈ Rc(A,A0); i.e., ω is bounded.
(ii) Tω is bounded.
(iii) ω ∈ Ruc (A,A0); i.e., ω is uniformly representable.
Proof. (i)⇒(ii): Since Tω is everywhere defined, it is enough to prove
that Tω is closable. Let {an} be a sequence in A such that ‖an‖ → 0
and Tωan → ξ ∈ Hω. Then, for every x ∈ A0,
〈λω(x)|ξ〉 = lim
n→∞
〈λω(x)|Tωan〉 = lim
n→∞
ω(a∗nx).
By the asumptions and the properties of the norm in (A,A0), we have
|ω(a∗nx)| ≤ c‖a∗nx‖ ≤ c‖an‖‖x‖0 → 0.
for some c > 0. Hence,
〈λω(x)|ξ〉 = 0, ∀x ∈ A0.
The density of λω(A0) in Hω implies that ξ = 0, thus Tω is closable.
The statement folows by the closed graph theorem.
(ii)⇒(iii): If Tω is bounded, then
|ω(a∗x)| = |〈λω(x)|Tωa〉| ≤ ‖λω(x)‖‖Tωa‖ ≤ ‖Tω‖‖a‖ω(x∗x)1/2
for every a ∈ A and x ∈ A0, that is ω ∈ Ruc (A,A0).
(iii)⇒(i): This is obvious. 
Using the previous results, we conclude this section with giving some
conditions for the full-representability of a Banach quasi *-algebra.
Theorem 3.9. Let (A,A0) be a Banach quasi *-algebra with unit e.
The following statements are equivalent.
(i) Rc(A,A0) is sufficient.
(ii) (A,A0) is fully representable.
If the condition of positivity (P ) holds, (i) and (ii) are equivalent to
the following
(iii) (A,A0) is *-semisimple.
Proof. The equivalence between (i) and (ii) follows from the very defi-
nitions and from Proposition 3.6.
Suppose now that the condition of positivity (P ) is valid. We will
prove that (iii) is equivalent to (ii) ∼ (i).
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(ii) ⇒ (iii): Let SA0(A) be as in Definition 2.19. First, we notice
that every Ω ∈ SA0(A) can be written as ϕω, for some ω ∈ Rc(A,A0).
Indeed, if we put
ωΩ(a) := Ω(a, e), a ∈ A,
then, it is easily seen that ωΩ is continuous and representable, so ωΩ ∈
Rc(A,A0) and ϕωΩ = Ω.
On the other hand, consider a linear functional 0 6= ω ∈ Rc(A,A0)
and let ϕω be the sesquilinear form associated to it as in (2.2). By
Proposition 3.6 D(ϕω) = A, thus ϕω is bounded. If we put ϕ
′
ω =
ϕω/‖ϕω‖, then ϕ′ω ∈ SA0(A).
Let a ∈ A be such that Ω(a, a) = 0 for every Ω ∈ SA0(A). For what
we have just shown, it enough to prove that, if ϕω(a, a) = 0, for every
ω ∈ Rc(A,A0), then a = 0. We have
|ω(a)| = |ϕω(a, e)| ≤ ϕω(e, e)1/2ϕω(a, a)1/2 = 0
Then using condition (P) we get the statement.
(iii)⇒(i): This can be proved with the same argument used in [4,
Ex. 4.4]. 
4. Hilbert quasi *-algebras
Among Banach quasi *-algebras, a distinguished role is played by the
completion of a Hilbert algebra with respect to the norm defined by
its inner product. This object will be called a Hilbert quasi *-algebra.
We start with recalling the definition of Hilbert algebra (see, e.g. [22,
Section 11.7]).
Definition 4.1. A Hilbert algebra is a *-algebra A0 which is also a
pre-Hilbert space with inner product 〈·|·〉 such that
(i) The map y 7→ xy is continuous with respect to the norm defined
by the inner product.
(ii) 〈xy|z〉 = 〈y|x∗z〉 for all x, y, z ∈ A0.
(iii) 〈x|y〉 = 〈y∗|x∗〉 for all x, y ∈ A0.
(iv) A20 is total in A0.
Remark 4.2. From (ii) and (iii) it follows also that
〈xy|z〉 = 〈x|zy∗〉, ∀x, y, z ∈ A0.
Let H denote the Hilbert space completion of A0 with respect to the
norm defined by the inner product. The involution of A0 extends to the
whole of H, since (iii) implies that ∗ is isometric. The multiplication
ξx (or xξ) of an element ξ of H and an element x ∈ A0 is defined by an
obvious limit procedure. To avoid trivial situations, we assume that
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(A) If ξ ∈ H and ξx = 0, for every x ∈ A0, then ξ = 0.
With these operations, (H,A0) is a Banach quasi *-algebra which we
name Hilbert quasi *-algebra.
By the definition itself, a Hilbert quasi *-algebra (H,A0) is *-semisimple
and, by Theorem 3.9, it is fully representable.
As in Definition 2.20, we consider, for every ξ ∈ H, the following
operators:
Lξ : A0 → H, Lξx = ξx
and
Rξ : A0 →H, Rξx = xξ.
Lemma 4.3. Every Hilbert quasi *-algebra is fully closable; i.e., for
every ξ ∈ H, the operators Lξ, Rξ are closable and, in addition,
Lξ∗ ⊂ (Lξ)∗, Rξ∗ ⊂ (Rξ)∗. Hence, Lξ ∈ L†(A0,H), for every ξ ∈ H.
Moreover, the map
ξ ∈ H → Lξ ∈ L†(A0,H)
is injective and, if η ∈ D(Lξ) then ηx ∈ D(Lξ), for every x ∈ A0.
Proof. It is enough to show that Lξ∗ ⊂ (Lξ)∗, so that Lξ has a densely
defined adjoint. Indeed, if x, y ∈ A0, we have
〈Lξx|y〉 = 〈ξx|y〉 = 〈x|ξ∗y〉 = 〈x|Lξ∗y〉.
This proves the inclusion Lξ∗ ⊂ (Lξ)∗. An analogous proof can be done
for Rξ, ξ ∈ H.
The injectivity of the map ξ ∈ H → Lξ ∈ L†(A0,H) comes from the
condition (A). 
4.1. Partial multiplication and bounded elements.
Definition 4.4. Let ξ, η ∈ H. We say that ξ is a left-multiplier of η
(or, η is a right-multiplier of ξ) if there exists ζ ∈ H such that
〈ηx|ξ∗y〉 = 〈ζx|y〉, ∀x, y ∈ A0.
In this case we put ξη := ζ .
Clearly, ξη is well-defined if and only if η∗ξ∗ is well defined. More-
over (ξη)∗ = η∗ξ∗.
If ξη is well-defined then Lξ Lη is well defined in L†(A0,H) and
Lξη = Lξ Lη.
For ξ ∈ H, we denote by L(ξ) (resp., R(ξ)) the set of left- (resp.,
right-) multipliers of ξ.
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Proposition 4.5. Let (H,A0) be a Hilbert quasi *-algebra. Then H is
a partial *-algebra with respect to the multiplication .
Remark 4.6. It is clear that ξη is well defined if and only if Lξ Lη is
well defined in L†(A0,H) and Lξ Lη = Lζ for some ζ ∈ H. If (H,A0)
has a unit e, the second condition is automatically satisfied whenever
Lξ Lη is well defined, since one can put ζ = (Lξ Lη)e. In this case,
LH := {Lξ; ξ ∈ H} is a partial O*-algebra on A0.
Proposition 4.7. Let (H,A0) be a Hilbert quasi *-algebra and ξ ∈ H.
The following statements hold.
(i) R(ξ∗) = {η ∈ D((Lξ ↾A20)∗) : ηy ∈ D(L∗ξ), ∀y ∈ A0}.
(ii) If (H,A0) has a unit, then R(ξ∗) = D(L∗ξ).
(iii) If (H,A0) has a unit, and ξ∗ is a universal right multiplier (
i.e. R(ξ∗) = H), then Lξ and Lξ∗ are bounded operators.
Proof. (i): Let η ∈ R(ξ∗). Then,
〈Lξx|ηy〉 = 〈ξx|ηy〉 = 〈x|(ξ∗η)y〉.
Hence ηy ∈ D(L∗ξ) and L∗ξ(ηy) = (ξ∗η)y, for every y ∈ A0.
Moreover, since
〈ξx|ηy〉 = 〈ξxy∗|η〉 = 〈x|(ξ∗η)y〉 = 〈xy∗|ξ∗η〉,
we also have that η ∈ D((Lξ ↾A20)∗).
Conversely, let η ∈ D((Lξ ↾A20)∗) be such that ηy ∈ D(L∗ξ), for every
y ∈ A0. Then,
〈Lξx|ηy〉 = 〈x|L∗ξ(ηy)〉, ∀x, y ∈ A0
On the other hand,
〈Lξx|ηy〉 = 〈Lξxy∗|η〉 = 〈xy∗|(Lξ ↾A20)∗η〉 = 〈x|((Lξ ↾A20)∗η)y〉.
Thus,
〈ξx|ηy〉 = 〈x|((Lξ ↾A20)∗η)y〉.
This implies that η ∈ R(ξ∗) and ξ∗η = (Lξ ↾A20)∗η.
(ii): This follows immediately from the closed graph theorem.
(iii): In this case, A20 = A0. Now if η ∈ D(L∗ξ) and y ∈ A0, then
ηy ∈ D(L∗ξ). Indeed, we have
〈Lξx|ηy〉 = 〈Lξ(xy∗)|η〉 = 〈xy∗|L∗ξη〉 = 〈x|(L∗ξη)y〉.
Hence, ηy ∈ D(L∗ξ) and L∗ξ(ηy) = (L∗ξη)y. 
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For some ξ ∈ H it may happen that the operator Lξ (resp. Rξ)
is bounded on A0. Then its closure Lξ (resp. Rξ) is an everywhere
defined bounded operator in H. In this case, we say that ξ is a left-
(resp. right-) bounded element.
The following result holds [22, Proposition 11.7.5]:
Proposition 4.8. Let (H,A0) be a Hilbert quasi *-algebra. An element
ξ ∈ H is left-bounded if and only if it is right bounded. Moreover,
Lξx = (Rξ∗x
∗)∗, for every left-bounded element ξ ∈ H.
From now on, we speak only of bounded elements. The set of bounded
elements is denoted by Hb.
Let ξ, η ∈ Hb. Then the multiplication ξη is, in this case, well-
defined. Indeed, for every x, y ∈ H, we have
〈ηx|ξ∗y〉 = 〈Lηx|ξ∗y〉 = 〈x|(Lη)∗(ξ∗y)〉 = 〈x|Lη∗(Lξ∗y)〉
= 〈x|(Lη∗Lξ∗)y)〉 = 〈(Lξη)x|y)〉.
Hence, ξη = Lξη. Thus Hb is a *-algebra containing A0. It is natural
to define a norm in Hb by ‖ξ‖b = ‖Lξ‖ where the latter denotes the
operator norm of B(H). We notice that there is no ambiguity in this
choice, because, as it is easy to check, ‖Lξ‖ = ‖Rξ‖, for every bounded
element ξ.
Proposition 4.9. The space Hb is a pre C*-algebra. If, in addition,
(H,A0) has a unit e, then Hb[‖ · ‖b] is complete and, therefore, it is a
C*-algebra.
From (iii) of Proposition 4.7 we get
Proposition 4.10. If (H,A0) has a unit e, then the space Hb of
bounded elements coincides with the set RH(= LH) of the universal
multipliers of H.
Remark 4.11. If (H,A0) has no unit, then Hb[‖ · ‖b] need not be com-
plete. As an example take A0 = Cc(R) the algebra of continuous
functions with compact support with the L2− inner product. Then
H = L2(R, dλ), where λ indicates the Lebesgue measure on the real
line. In this case Hb = L∞(R, dλ)∩L2(R, dλ) which is not complete in
the L∞-norm.
Remark 4.12. The notion of bounded element of a Banach quasi *-
algebra (A,A0) was first given in [25, 26]. It is coincides exactly with
that given here. Bounded elements were also generalized to different
situations in [2, 12].
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4.2. Positive elements and representable functionals. As done
in Section 2, we consider the set H+ = A+0
τn
of positive elements of H,
where A+0 := {
∑n
k=1 x
∗
kxk : xk ∈ A0, n ∈ N}.
Definition 4.13. Let (H,A0) be a Hilbert quasi *-algebra and ξ ∈ H.
We say that η is w-positive if Lη (or, equivalently Rξ) is a positive
operator; i.e., if
〈Lξx|x〉 = 〈ξx|x〉 ≥ 0, ∀x ∈ A0.
If ξ is w-positive, then ξ = ξ∗. Moreover Lξ is positive, if and only
if, Rξ is positive.
The latter statement is due to the equalities
〈Lξx|x〉 = 〈ξx|x〉 = 〈x∗|x∗ξ∗〉 ≥ 0 if Lξ ≥ 0 and x ∈ A0.
We put
H+w = {ξ,∈ H : 〈ξx|x〉 ≥ 0, ∀x ∈ A0} = {ξ,∈ H : ξ is w-positive}.
The wedge H+w defines in standard way a partial order in the real
space Hh = {ξ ∈ H : ξ = ξ∗}: if ξ, η ∈ Hh we write ξ ≤ η when
η − ξ ∈ H+w . The set H+w is actually a cone. Indeed, it is easy to prove
that H+w ∩ (−H+w) = {0}.
The notion of w-positive element plays a role in the description of
representable and continuous functionals on (H,A0).
To begin with, we describe the general form of an element ω ∈
Rc(H,A0). Let ω ∈ Rc(H,A0). Since ω is bounded there exists a
vector η ∈ H such that
(4.1) ω(ξ) = 〈ξ|η〉, ∀ξ ∈ H.
The condition (L1) implies that η is w-positive and hence the oper-
ator Rη is positive (but not necessarily self-adjoint). Indeed,
0 ≤ ω(x∗x) = 〈x∗x|η〉 = 〈x|xη〉 = 〈x|Rηx〉, ∀x ∈ A0.
This in turn implies that η = η∗.
As for condition (L2), we have, for every ξ ∈ H and x, y ∈ A0,
ω(y∗ξx) = 〈y∗ξx|η〉 = 〈η∗|x∗ξ∗y〉 = 〈η|x∗ξ∗y〉 = 〈x∗ξ∗y|η〉 = ω(x∗ξ∗y)
The condition (L3) in the situation we are examining reads as follows
∀ξ ∈ H, ∃γξ > 0 : |〈ξ∗x|η〉| ≤ γξ〈x∗x|η〉1/2, ∀x ∈ A0.
From proposition 3.6, ϕω(x, x) = 〈x∗x|η〉 has an everywhere defined
closure ϕω in H, hence for every ξ ∈ H there exists cξ,η > 0 such that
|〈ξ∗x|η〉| ≤ cξ,η‖x‖, ∀x ∈ A0.
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This implies that there exists a vector η′ ∈ H such that
〈ξ∗x|η〉 = 〈x|η′〉, ∀x ∈ A0.
Hence, for every x, y ∈ A0 we get
〈ξ∗x|ηy〉 = 〈ξ∗xy∗|η〉 = 〈xy∗|η′〉 = 〈x|η′y〉.
Therefore, ξη is well defined for every ξ ∈ H. Thus L(η) = H and,
since η = η∗, R(η) = H. Taking into account Lemma 4.3, both Lη and
Rη are bounded operators on H.
In conclusion we have the following
Proposition 4.14. Let (H,A0) be a Hilbert quasi *-algebra. Then,
ω ∈ Rc(H,A0) if, and only if, there exists a unique w-positive bounded
element η ∈ H such that
(4.2) ω(ξ) = 〈ξ|η〉, ∀ξ ∈ H.
Proof. The necessity has been proved above. For the sufficiency, (L1)
and (L2) can be proven easily. As for (L3), denoting by Rη the contin-
uous extension of Rη to H, we have, for every ξ ∈ H,
|ω(ξ∗x)| = |〈ξ∗x|η〉| = |〈x|Rηξ〉|
≤ 〈x|Rηx〉1/2〈ξ|Rηξ〉1/2 = ω(x∗x)1/2〈ξ|Rηξ〉1/2, ∀x ∈ A0
due to the generalized Cauchy-Schwarz inequality for positive opera-
tors. Thus (L3) is fulfilled. 
Remark 4.15. Let (H,A0) be a Hilbert quasi *-algebra. We already
know from Proposition 3.8 that, Rc(H,A0) = Ruc (H,A0). Here we
want to point out that, in this case, this result can be obtained by a
direct estimation.
Indeed, if ω ∈ Rc(H,A0), then, by Proposition 4.14, there exists
η ∈ Hb, η w-positive, such that (4.2) holds. Then, if ξ ∈ H and
x ∈ A0, we have
|ω(ξ∗x)| = |〈ξ∗x|η〉| = |〈ξ∗|Lηx∗〉|
= |〈L1/2η ξ∗|L
1/2
η x
∗〉| ≤ ‖L1/2η ξ∗‖‖L
1/2
η x
∗‖
= 〈ξ∗|Lηξ∗〉〈x∗|Lηx∗〉 ≤ ‖L1/2η ‖ ‖ξ‖ω(x∗x)1/2.
Hence, ω is uniformly representable.
After describing the set Rc(A,A0), a second natural step consists in
looking for conditions on ω ∈ R(H,A0) to be continuous on H, at least
in some particular situations.
Before proceeding, we remind that a critical eigenvalue of a couple
of operators A,B in a Banach space X is a complex number µ such
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that (A − µI)X has infinite codimension and µ is an eigenvalue of B
(see [23, Def 3.1].
Proposition 4.16. Let (H,A0) be a commutative Hilbert quasi *-algebra
with unit e. Assume that A0 is a Banach *-algebra with respect to ‖ · ‖0
and that there exists an element x of A0 such that the spectrum σ(Rx)
of the bounded operator Rx of right multiplication by x consists only of
its continuous part σc(Rx). If ω ∈ R(A,A0), then ω is bounded (and
uniformly representable).
Proof. We maintain the notations of Proposition 2.11 and discussion
around it. Then, if we put
λω(x) · λω(y) = λω(xy),
it is easily seen that · is a well-defined multiplication on λω(A0) which
makes it into a commutative *-algebra. Moreover, if A0 is a Banach
*-algebra with respect to ‖ · ‖0, we have
(4.3) ‖λω(xy)‖2 ≤ ‖y‖0‖λω(x)‖2.
The inequality (4.3) implies that the right multiplication operatorRλω(y)
by λω(y) is bounded on λω(A0) and therefore it has a unique bounded
extension to Hω denoted by the same symbol. Taking all that into
account, one easily checks that
Tω(az) = Tωa · λω(z), ∀a ∈ A, z ∈ A0;(4.4)
Tωz = λω(z), ∀z ∈ A0.(4.5)
In particular (4.4) reads as follows
(4.6) Tω(Rza) = Rλω(z)Tωa, ∀a ∈ A, z ∈ A0;
i.e., Tω intertwines the couple (Rz, Rλω(z)), for every z ∈ A0. Then the
continuity of Tω can be deduced from [23, Corollary 5.7]: if there exists
z ∈ A0 such that Rz, Rλω(z) are normal (which is obvious here) and
have no critical eigenvalues, then Tω is continuous.
By the assumption, there exists an element x ∈ A0 such that σ(Rx) =
σc(Rx). Hence, for every µ ∈ C, the range of the operator Rx − µI is
either H itself or a dense subspace of H. Thus no critical eigenvalue
for the couple (Rx, Rλω(z)) may exists. 
Proposition 4.14 allows to compare the two sets of elements H+ and
H+w related to the notion of positivity.
Lemma 4.17. Let (H,A0) be a Hilbert quasi *-algebra. Then, H+ ⊆
H+w .
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Proof. Let η ∈ H+; i.e. there exists a sequence {xn} of elements of A+0
(thus each xn has the form xn =
∑N
k=1 z
∗
nkznk, znk ∈ A0) τn−converging
to η. Then,
〈Lηy|y〉 = 〈ηy|y〉 = lim
n→∞
〈xny|y〉
= lim
n→∞
〈
N∑
k=1
z∗nkznky|y〉 = lim
n→∞
N∑
k=1
〈znky|znky〉 ≥ 0.

Proposition 4.18. Let (H,A0) be a Hilbert quasi *-algebra. If the
condition (P) holds and H+wb := {ξ ∈ Hb : 〈ξx|x〉 ≥ 0, ∀x ∈ A0} ⊆ H+,
then H+ = H+w .
Proof. Suppose now that the condition (P) is valid and assume that
η ∈ H+w . Then 〈ηy|y〉 ≥ 0 for every y ∈ A0. This implies that η ∈ H is
w-positive if, and only if, 〈η, h〉 ≥ 0 for every h ∈ A+
0
, so for continuity,
〈η, ξ〉 ≥ 0 for every ξ ∈ H+.
Let ω ∈ Rc(H,A0). By Proposition 4.14, there exists χω ∈ H, with
χω ∈ H bounded and w-positive, such that ω(ξ) = 〈ξ|χω〉, for every
ξ ∈ H. By the assumption χω = lim
n→∞
zn for certain zn’s in A
+
0
. Hence,
for what we have just observed,
ω(η) = 〈η|χω〉 = lim
n→∞
〈η|zn〉 ≥ 0.
Since ω ∈ Rc(H,A0), then ωx ∈ Rc(H,A0), where ωx(ζ) = ω(x∗ζx), ζ ∈
H, x ∈ A0. By condition (P) it follows that η ∈ H+. 
4.3. Integrable Hilbert quasi *-algebras. Let (H,A0) be a Hilbert
quasi *-algebra. As we have seen, in general, if ξ ∈ H and ξ is not
bounded, we have Lξ ⊆ L∗ξ∗ , but we do not know if the equality holds
for every ξ ∈ H. For this reason we introduce the following definition.
Definition 4.19. A Hilbert quasi *-algebra (H,A0) is called integrable
if A0 is a core for L
∗
ξ , for every ξ ∈ H.
It is clear that, if (H,A0) is integrable, then, for every ξ ∈ H, Lξ =
L∗ξ∗ , since Lξ∗ ⊆ L∗ξ . In particular, if ξ = ξ∗, then Lξ is essentially
self-adjoint.
Definition 4.20. Let (H,A0) be a Hilbert quasi *-algebra with unit
e. We say that (H,A0) admits a module function if there exists a map
µ : ξ ∈ H → µ(ξ) ∈ H, with the following properties:
(i) µ(ξ) ∈ H+w , for every ξ ∈ H;
(ii) µ(ξ) = ξ, for every H+w ;
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(iii) ‖µ(ξ)‖ = ‖ξ‖, for every ξ ∈ H.
Proposition 4.21. Let (H,A0) be an integrable Hilbert quasi *-algebra
with unit e. Assume, that for every ξ ∈ H, the operator H(ξ) defined
by H(ξ) = (L
∗
ξLξ)
1/2 has the following property:
(4.7) H(ξ)(xy) = (H(ξ)x)y ∀x, y ∈ A0.
Then (H,A0) admits a module function.
Proof. As it is well-known, H(ξ) is a positive self-adjoint operator with
D(H(ξ)) = D(Lξ). By choosing x = e in (4.7), we get H(ξ)y = (H(ξ)e)y
for every y ∈ A0; that is, H(ξ)y = L(H(ξ)e)y, for every y ∈ A0.
The module function is then defined everywhere inH by the following
map
µ : ξ ∈ H → µ(ξ) := H(ξ)e ∈ H.
We check the conditions (i)-(iii) of Definition 4.20.
We have
〈µ(ξ)x|x〉 = 〈(H(ξ)e)x|x〉 = 〈H(ξ)x|x〉 ≥ 0, ∀x ∈ A0
Hence µ(ξ) ∈ H+w . Moreover, µ(ξ) = 0 if and only if ξ = 0.
As for (ii), for every ξ ∈ H+w , the operator Lξ is essentially self-
adjoint and positive. Hence H(ξ) = ((Lξ)
∗Lξ)
1/2 = Lξ. This implies
that µ(ξ) = ξ.
Finally, for every ξ ∈ H,
‖ξ‖2 = 〈ξ|ξ〉 = 〈ξe|ξe〉 = 〈Lξe|Lξe〉 = 〈H(ξ)e|H(ξ)e〉 = ‖µ(ξ) ‖2.
So (iii) holds. 
Remark 4.22. Condition (iii) of Definition 4.20 obviously implies that
µ is continuous at 0.
Lemma 4.23. Let (H,A0) be a unital integrable Hilbert quasi *-algebra
with a module function µ. Then, for every ξ ∈ H, with ξ = ξ∗, there
exists two elements ξ+, ξ− ∈ H+w such that ξ = ξ+−ξ−; µ(ξ) = ξ++ ξ−;
ξ+ξ− and ξ−ξ+ are both well-defined and ξ+ξ− = ξ−ξ+ = 0.
Proof. (ii): Let us define the following two operators on D(Lξ) =
D(H(ξ)):
P(ξ) :=
1
2
(H(ξ) + Lξ), N(ξ) :=
1
2
(H(ξ) − Lξ).
Put ξ+ = P(ξ)e and ξ− = N(ξ)e. These elements are in H+w , indeed for
every x ∈ A0 we have
2〈ξ+x|x〉 = 〈(H(ξ)e + Lξe)x|x〉 = 〈µ(ξ)x|x〉+ 〈ξx|x〉 ≥ 0.
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Since the wedge of w-positive elements H+w is in fact a cone, the worst
case happens when 〈ξx|x〉 ≤ 0 for every x ∈ A0, i.e. when −ξ ∈ H+w ,
but µ(ξ) = µ(−ξ) = −ξ. The proof for ξ− is similar.
It is clear that ξ = ξ+ − ξ− and µ(ξ) = ξ+ + ξ−.
Let x, y ∈ A0. We want to show that ξ+ξ− = 0, i.e.
〈(H(ξ)e− Lξe)x|(H(ξ)e+ Lξe)y〉 = 0.
Computing in the expression above, we obtain
〈(H(ξ)e)x|(H(ξ)e)y〉+ 〈(H(ξ)e)x|Lξy〉 − 〈Lξx|(H(ξ)e)y〉 − 〈Lξx|Lξy〉
=〈µ(ξ)x|µ(ξ)y〉+ 〈µ(ξ)x|ξy〉 − 〈ξx|µ(ξ)y〉 − 〈ξx|ξy〉
Now, we can show that ‖µ(ξ)x‖ = ‖ξx‖, for every x ∈ A0. Indeed,
‖ξx‖2 = 〈ξx|ξx〉 = 〈Lξx|Lξx〉
= 〈H(ξ)x|H(ξ)x〉 = 〈(H(ξ)e)x|(H(ξ)e)x〉
= ‖µ(ξ)x ‖2, ∀ξ ∈ H.
By the polarization formula we have 〈µ(ξ)x|µ(ξ)y〉 = 〈ξx|ξy〉 for every
x, y ∈ A0.
Notice that, by (ii) of Definition 4.20, µ2 = µ, i.e. µ (µ(ξ)) = µ(ξ)
for every ξ ∈ H. Hence, if µ2(ξ) := µ (µ(ξ)),
〈µ(ξ)x|ξy〉 = 〈µ2(ξ)x|µ(ξ)y〉 = 〈µ(ξ)x|µ2(ξ)y〉 = 〈ξx|µ(ξ)y〉.
For what we have just shown, we have that ξ−ξ+ is well-defined
and ξ−ξ+ = 0. Using the same argument, it is easily proven that
ξ+ξ− = 0. Then ξ+ and ξ− have the desired properties. 
Proposition 4.24. Let (H,A0) be a Hilbert quasi *-algebra with a
continuous module function. Suppose that µ(A0) ⊆ A+0 . Then every
positive element is the limit of a sequence of elements of A+
0
; i.e., H+ =
H+w .
Proof. Let ξ ∈ H+w then by density there exists a sequence {xn} ⊂ A0
such that xn → ξ. By the assumptions µ(xn) ∈ A+0 and µ(xn) →
µ(ξ) = ξ. 
Proposition 4.25. Let (H,A0) be a unital integrable Hilbert quasi *-
algebra with a τn−continuous module function. Suppose that µ(A0) ⊆
A+
0
. Every ω ∈ R(A,A0) which is positive on H+w is continuous.
Proof. As shown in [24], every positive functional on H+w = H+ (by
Proposition 4.24) is bounded on positive elements. The statement then
follows from Lemma 4.23. 
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5. Examples: Function quasi *-algebras
Let I be a compact interval of the real line and λ the Lebesgue
measure on it. In this section we will show that every representable
functional over (L2(I, dλ),A0), where A0 = C(I) or A0 = L
∞(I, dλ), is
continuous.
Both (L2(I, dλ), C(I)) and (L2(I, dλ), L∞(I, dλ)) are Hilbert quasi *-
algebras and, as it easy to see, both are integrable in the sense of Defini-
tion 4.19. A description of representable functionals on (L2(I, dλ), C(I))
is provided by the following representation theorem.
Proposition 5.1. Let ω be a representable functional on (L2(I, dλ), C(I)).
Then there exists a unique Borel measure µ on I and a unique bounded
linear operator T : L2(I, dλ)→ L2(I, dµ) such that
(5.1) ω(f) =
∫
I
(Tf)dµ, ∀f ∈ L2(I, λ).
The operator T satisfies the following conditions:
T (fφ) = (Tf)φ = φ(Tf) ∀f ∈ L2(I, dλ), φ ∈ C(I);(5.2)
Tφ = φ, ∀φ ∈ C(I).(5.3)
Thus, every representable functional ω on (L2(I, dλ), C(I)) is continu-
ous. Moreover, µ is absolutely continuous with respect to λ.
Proof. By definition ω is positive on C(I). Therefore by the Riesz-
Markov theorem, there exists a unique Borel measure µ on I such that
ω(φ) =
∫
I
φdµ, ∀φ ∈ C(I).
By condition (L.3), for every f ∈ L2(I, dλ), there exists γf such that
|ω(f ∗φ)| ≤ γf‖φ‖2,µ, ∀φ ∈ C(I).
Hence, the linear functional Lf defined by Lf (φ) = ω(f
∗φ), φ ∈ C(I), is
bounded on C(I), with respect to ‖·‖2,µ. Thus, it extends to a bounded
linear functional on L2(I, dµ) and there exists a unique function hf ∈
L2(I, dµ) such that
(5.4) ω(f ∗φ) =
∫
I
φhfdµ, ∀φ ∈ C(I).
We can define a linear map T : L2(I, dλ) → L2(I, dµ) by putting
Tf = hf , f ∈ L2(I, dλ). With this definition we have
ω(f) =
∫
I
(Tf)dµ, ∀f ∈ L2(I, dλ).
26 MARIA STELLA ADAMO AND CAMILLO TRAPANI
The equalities (5.2) and (5.3) are easily proved. In particular, (5.2) can
be rewritten as follows
TRφf = R
′
φTf, ∀f ∈ L2(I, λ), φ ∈ C(I),
where Rφ and R
′
φ denote the multiplication operators by φ in L
2(I, dλ)
and L2(I, dµ), respectively. This means that T intertwines the couple
(Rφ, R
′
φ) for every φ ∈ C(I). The operator T is continuous if, and only
if, there exists φ ∈ C(I) such that the couple (Rφ, R′φ) has no critical
eigenvalues (again by [23, Theorem 5.5]).
In L2(I, dλ), (λ the Lebesgue measure) the operator Rφ has contin-
uous spectrum. Hence, the statement follows from Proposition 4.16.
Since T is bounded, it has an adjoint T ∗ : L2(I, dµ) → L2(I, dλ).
Hence, if we denote by u the unit function in C(I) (i.e., u(x) = 1, for
every x ∈ I), we get
(5.5)
ω(f) =
∫
I
Tfdµ =
∫
I
(Tf)udµ =
∫
I
f(T ∗u)dλ, ∀f ∈ L2(I, dλ).
It is easily seen that T ∗u is a nonnegative function and by (5.5) it fol-
lows also that ω is necessarily positive on positive elements of L2(I, dλ).
Put w = T ∗u. From (5.5), we get, in particular,
ω(φ) =
∫
I
φdµ =
∫
I
φwdλ, ∀φ ∈ C(I).
The previous equality implies by the uniqueness of the measure asso-
ciated to a positive linear functional on C(I) us that dµ = wdλ; i.e., µ
is λ-absolutely continuous with Radon-Nikodym derivative w. 
Let us now consider the Banach quasi *-algebra (L2(I, dλ), L∞(I, dλ)).
In this case we have more information about the measure that allows
us to represent the functional.
Proposition 5.2. Let ω be a representable functional on the Banach
quasi *-algebra (L2(I, dλ), L∞(I, dλ)). Then there exists a unique bounded
finitely additive measure ν on I which vanish on subsets of I of zero
λ−measure and a unique bounded linear operator S : L2(I, dλ) →
L2(I, dν) such that
(5.6) ω(f) =
∫
I
(Sf)dν, ∀f ∈ L2(I, dλ).
The map S has the following properties:
S(fφ) = (Sf)φ = φ(Sf) ∀f ∈ L2(I, dλ), φ ∈ L∞(I, dλ), ;(5.7)
Sφ = φ, ∀φ ∈ L∞(I, dλ).(5.8)
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Proof. The proof of this statement is essentially the same as that of
Proposition 5.1. Indeed, by [14, Th. IV.8.16], there exists a complex
valued measure ν absolutely continuous with respect to λ, for which ω
has the following form
ω(φ) =
∫
I
φdν φ ∈ L∞(I, dλ).
Since the functional ω is positive, i.e. ω(φ∗φ) ≥ 0, for every φ ∈
L∞(I, dλ), the measure ν is positive.
Following the proof of Proposition 5.1, one can show that there exists
a unique linear map S : L2(I, dλ)→ L2(I, dν) such that
ω(f) =
∫
I
(Sf)dν, , ∀f ∈ L2(I, dλ).
The boundedness of S follows directly from the analogous statement
used for T in the proof of Proposition 5.1, taking into account that S
intertwines the multiplication operators for a function φ ∈ L∞(I, λ).
In particular φ can be chosen to be continuous. 
It is clear that the continuity of the operators T and S implies the
continuity of the corresponding representable functionals. Thus, we
can conclude with the following
Corollary 5.3. Every representable functional over the Banach quasi
*-algebras (L2(I, dλ), C(I)) or (L2(I, dλ), L∞(I, dλ)), where I is a com-
pact interval of the real line and λ be the Lebesgue measure on it, is
continuous.
Conclusion remarks
Representable functionals on locally convex quasi *-algebras play a
very important role not only for the understanding of their structure
(see [1, 12, 17, 20]), but also for several applications (see [6, 9, 11, 21,
27]). A typical istance is provided (as mentioned in the Introduction)
by the mathematical description of certain quantum models (coming
from Quantum Statistics and Quantum Field Theory) if the usual ap-
proach where the observable are supposed to be in a C*-algebra fails.
In this paper we have investigated the problem of continuity of func-
tionals for which a GNS construction is possible. Even though our
answer to this problem is still incomplete (but work is in progress),
we thing that the results discussed here contribute to give a better in-
sight on the structure of locally convex (Banach, in particular) quasi
*-algebras.
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